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Abstract

We study the relationship between the third homology group of SL;(R) and K3(R), for R in
a large class of rings. These results extend a previous work of C.-H. Sah. © 1998 FElsevier
Science B.V. All rights reserved.

AMS Classification: 19DSS, 19M0S, 18G60

0. Introduction

The present work investigates the relationship between the K-theory and the homol-
ogy of linear groups in low degrees. The motivations and applications of this problem
are explained in [10, 11]. The principal results are summarized below. Let R be a
commutative H1-ring (e.g. a semi-local ring with infinite residue fields). We have,

Theorem 1.22. The morphism H3(GLy(R); Q) — H3(GL;3(R); Q) induced by GLy(R) —

GL3(R), g— (g ?), Is injective.

In connection with algebraic K-theory, if KM denotes the Milnor K-theory of R,
define the indecomposable part K3(R)™ to be K3(R)/ImK}'. We have,

Theorem 2.2. Let R be a (commutative) Hl-ring. We have an isomorphism:

K3(R)EY = Ho(R™; Hy(SLa(R); Q)).

Moreover, by (2.5), we can identify the indecomposable K3 of R with the weight
two part of the “Adams decomposition” of K.
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The present work is organized as follows: Section 1 is devoted to the proof of the
injectivity of the morphism

H3(GLy(R); Q) — H3(GL3(R); Q),

induced by the map GLy(R)— GL3(R), g— (g ?) The complete argument is fairly
complicated and the “dévissage” of the spectral sequence involved is carefully ex-
plained. Section 2 is devoted to establishing the relationship between the previous
results and K-theory. Section 3 is a short comment on related works and problems.
In the appendix all the specific tools that we use in this paper can be found.

1. The injectivity of H3(GL,(R); Q) — H3(GL3(R); Q)

Recall that if R is a ring and M a right R-module, then an element u of M is said
to be unimodular if there exists a linear form f:M — R such that f(u) =1. We will
let Um(M) denote the set of unimodular elements in M. The stable rank of R, denoted
by sr(R), is the smallest integer n>1 such that the following property holds:

(SR for all (ay,...,an )€ Um(R™"), there exist by,...,b,,
""Lin R, such that (ay + dne1b1,...,an + aneiby) € Um(R™).

If such integer does not exist, we set sr(R)=oc. A ring R 1s said to be an Hl-ring
(see [13]) if the following property holds for all integers k,/ such that />2, k>1:
for any family of k surjective linear forms f;:R' — R, there exists v€R’ such that
fiw)er*, fori=1,...,k.

A ring R is called an S(n)-ring (see [17]), n>2, if there exists a family of »
invertible elements of the center of R, such that all partial sums formed with these
elements are invertibles. We say that the ring is S(oo) if it is an S(n)-ring for all n,
n>2.

Remark 1.1. (1) The notion of Hl-ring was introduced by Guin in [13] to get a
stability result for the general linear group with trivial coefficients, and used by Akef
[1] to get a stability result with coefficient in the adjoint action.

(2) The notion of S(n)-ring appears in the work of Nesterenko and Suslin [17] and
allows them to relate the homology of GL, of an S(oo)-ring with the homology of its
affine group and deduce from this a result of homological stability (depending of the
stable rank) for the general linear group over this kind of ring.

(3) If R is H1, then sr(R) = 1.

Example 1.2. The fundamental example of Hl-ring is a semi-local ring with infinite
residue fields. The division algebra of real quaternion is HI. Notice that in the com-
mutative case the condition HI1 implies S(oo).
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Before going further, we want to introduce a more geometric way for understanding
Hl-rings. Let R be an Hl-ring. We call a free direct summand of R", n € N — {0},
a subspace of R". A subspace of rank n — 1 will be called an Ayperplane of R”, and
a rank one subspace will be called a /ine. So the geometric interpretation of an H1-
ring is the following: let n>2 and let H;, with i = 1,...,m, be a (finite) family of
hyperplanes in R". Then there exists a line L which is a common complement to each
H;. For fields, if R is H1, we denote by P"(R) the set of lines in R**!, and we call
it n-dimensionnal projective space. In the following we assume that R is an Hl-ring.

Definition 1.3. A (k + 1)-tuple (vy,...,v¢) of points in P?(R) is said m-generic, for
m < m, if for all +< min(m, k), every subset of {v,..., v} with (¢ + 1) elements spans
a t-dimensionnal projective subspace in P"(R) (i.e. a subspace of dimension ¢+ 1 in
R™ 1),

Note that for Hl-rings, we have the famous result.

Proposition 1.4. Let R be an Hl-ring, and n>2. If L = {u1,--stm}, m<n, is a free
part of R" such that the free module L, of basis L, is a subspace of R", then there
exists a finite subset C of R" such that L UC is a basis of R".

Proof. By definition there exists an R-module M such that L & M =R". Thus M is
stably free, and by [23, (2.11), pp. 292, 296], M is freec. Taking C as a basis of M,
we get the result. O

We now introduce the analog of the complexes of [19],

Definition 1.5. (Normalized and generic complexes).

(1) We define C,(n) as the free abelian group spanned by the t-tuples (vg,...,v;) of
points of P"(R), subjected to the normalization condition (vg,...,v;) =0, if v; = v;_,
for some i, 1 <i<t, and such that: if v;,,...,v, are linearly independent in R"*", then
they are a basis of a subspace of R""!.

We can now construct the following complex augmented over Z:

C = Celn) A Gy = - = Con) =5 Z—0

where di(vg,...,vx) = Zf:o (—=1)Y(vg,...,0;...,v%). (with the usual notations) We call
this complex C.(n).
(2) We define CE*™"(n) as the subcomplex of C,(n) spanned by m-generic tuples.

Remark 1.6. In (1.5) the complex C.(n) is a quotient of the standard simplicial com-
plex constructed over P"(R).

The most interesting application of Hl-rings is the following “crucial” lemma,
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Lemma 1.7. If m<n, the complex C¥""(n) augmented over Z is acyclic.

Proof. The proof is standard, we must show that every cycle is a boundary.
Let z€ CF""(n), a cycle, then z = 3, ; nivos, ..., vi), mi €Z, v; € P*(R) and
card(/) < oo. We want v€P”(R) such that (v,vg,...,0x;) are m-generic for all i. For
each m-generic tuples (vy;,...,0;), we construct all the m-generic configurations that
we complete in hyperplanes of R""! (depends on whether m <n or not). As R is
HI, this finite family of hyperplanes has a common supplement of rank one, thus an

glement v of P*(R), which, by construction, is m-generic with (vg,...,v¢;), and if
2= (0,004 .00 ) ECE " (n), then diy(2) =2 O

1.1. Study of the associated spectral sequence

In the following, G denotes GL3(R) and C. denotes C.(2). For group homology we
refer to [7, Section VILS, pp. 168-170]. Since C. is acyclic, we have a (transposed)
spectral sequence

E,,=HyG;C)) = H, (G 2).

Our goal is to show that we have an embedding H3(GLy(R); Q) — E5® Q, and
vz

deduce from this that we have an injection H3(GL3(R); @) — H;(GL;(R); @), where
the last map is induced by the stabilization morphism GL;(R) — GL3(R),

g 0
g .
0 1

For this we investigate our spectral sequence in low degree, and we obtain the
following results, which is the first step of our investigation. For computations of the
differentials, and some complements on groups homology, we refer to the Appendix.

First, take a look at £, , and E}, ;.

1.1. Computation of EI:’ o- We have Cy = Z[G.s0,0] with 500 = ([e1]). Subsequently,

R* *
Bo.o = Stabs(s00) =\ "o G (r)

thus H.(Boo;Z) 2 H.(R* x GLy(R); Z). As Co = Indj, 7, it follows that E}, =
H,(R* x GLy(R); Z) and by construction d, = 0.

1.2. Computation of E,},r We have C) = Z[G.s1,0], where s1.0 = ([e;],[e2]).

R* 0 *
Bio = SlabG(Sl,o) = 0 R* * s
0 0 R~

C1 =Indg,,Z,
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and then,
E,\ = Hy(B10;Z) = Hy(R* x R* x R*; 7).

Since di(s1,0) = ([e2]) — ([e1]) = (w — 1).([e1]), with

0 -1 0
w=1{!1 0 0],
0O o0 1

and By o<Bo. We are in the hypothesis of (A.1), and w '(RX x R* x RX)w =
R*x R* x R*. Thus

d]‘,_l :corz(":g o(w™l—1). (1)

We can now state the first main result,

Proposition 1.8. We have Hy(GLy(R); Q) — E?, 2 Q.
7

Proof. The strategy: We want to construct a surjective map (split by the induced mor-
phism in homology by GL>(R) > GL3(R)) from H3(R* X GLy(R); Q) (= E§~O§@)

to H3(GLy(R); Q) and show that its kernel contains Im(d},)® Q (= Im(cor o (w™' —
2
|B)] Q; Q), this will show that H3{GL,(R); Q) is a component of E320 ® Q. Recall {(cf. [7,
vz

(6.4)(ii), p. 123]) that if 4 is an abelian group, we have an isomorphism H,(4; Q) =
/\"@ (4). For n=3 (resp. n=2) this isomorphism is given by aAbAc+ ¢ (@,b,c) (resp.
a A b e(a,b)), where the symbol ¢( ) is defined in Section A.2.1, and its inverse is
induced by [alblc]® 1 L(a A b Ac) (tesp. [a|b]® 1+ L(a A b)). Denote 4; = R*
for i = 1,2,3, this allows us to control the actions on the different components of
the “torus” R* x R* x R*. By Kiinneth ([7, (5.8), p. 120] or [24, {6.1.13}, p. 165]),
applied to (4; x 4y) x A3, we get

3 2
Hy(A) x Az x A5 @)= A\ (4, xAz)ea/\@ (A, X A7) ® 45
2 3
B x ) e\ @) e\ ).
And, in the same way,
3 2
Hy(R* x GLy(R: @)= A\ (R & A\ (R*) ® R
@ R* © Hy(GL2(R); Q) & H3(GL2(R); Q).
Our goal is to describe

cor o (w™! — 1):H3(4; x 43 X A3; @) — H3(R* x GLy(R); Q).
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HiA XA XA Q2 A XA4) & AL (4 xa)®4a, &  Axape A e Al
S

\\

cor 3(R XGLZ(R) Q)
Hy(R* x GL,(R); @) =\ (R") @ A® )®R R ®H2(GLZ(R) 0 ® W(GL®;Q)

Hs(GLz(R)§ )

Fig. L.

We have four projections:
p1  Hy(R™ x GLZ(R);@)—»/\BQ (R™), induced by pr,:R™ x GL,(R)— R*,
p2 H3(R* x GLy(R); Q) — /\2® (R*)® R*, induced by
(class of [(21,41)|(%2,92)|(23,93)] ® 1) — 1(oty A oz) @ det g3,
3 Hy(R* X GLx(R); @) — R* @ Hy(GLy(R); Q) induced by
(class of [(a1,91)|(x%2,92)[(23,93)] @ 1) = 21 @ (class of [g2]g3]® 1),
pa:H3(R™ x GLy(R); Q) — H3(GLy(R); @), induced by
pry i R* x GLy(R) — GLy(R).

We want to construct maps ¢, @2, @3, @4 and oy, ay, a3, o4, Where their relationships
are shown in Fig. 1. We then have

cot =(p1 D p2@® p3 © pa)o (1D 02 B @3 D Pa),
thus,
coro(w ' —D=(P®p2®p3D Ppa)o(p1 @ P2 ® @3 B pa)o(w ' — 1)
Since A3 represents the last component unaffected by the action of w™', we have
—1 _
(W —l)lA@(AJ)-—O.

Then it is just necessary to compute ¢1, @, and @3, and the «;. Begin by constructing
;. We want to go from H3(R* x GL2(R); Q) to H3(GL2(R); Q). Define the following
maps:
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%1 N (RX) — H3(GLy(R); @) induced by a— (2 1), split by det : GLo(R) — R¥;

Ae®H @R H,(GL,(R); @)

N

H,(R*x R*; Q)

is given by the factorisation

@ABY®c 2 (&9, DY)

i

c(a,b) ® ¢ ——c((a,1),(b,1),(1,¢)).

The map, R* @ Hy(GLy(R); @) — H3(GL3(R); Q) is constructed as follows:
(1) First, we have o} given by

R'® AR Hy(GL,(R); @)

N

H,(R" x R*: Q)

(26 )6Y)
aa®(bAc))=¢c , , .
0 a 0 1 0 1

(2) We also have the map of given by

R ®K(R)Q H,(GL,(R); Q)

(1)\ /
Hy(R"x GL,R); Q)
In the above diagram (1) is given by the shuffle product, because K,(R) <

Hy(GLy(R); Z). But (2) is induced by the “product” map R* x GLy(R)— GLy(R),
(Lg)— 4i.g.
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Explicitly,

Teao b B a (0 b 0 c 0 \
secwa-o(3 12 1)

Remark 1.9. As we know Ky(R)g is identified with H,(SL,(R); @), where
Hy(SLy(R); Q) is a useful notation for Ho(R™; Hy(SL>(R); @)), and in fact
H2(SLy(RY; @) — Ha(GLy(R); @) by (A.8(1)). Furthermore by (A.7) we have

R*®Hy(SL2(R); Q) — H3(GLy(R); @),
where the maps come from R* x SLy(R) — GLy(R), (4,g)— A.g (cf. (A.7)).
Then define a3 as follows:
p@®Bro)+de{b.dh=d@®GBAc))+ Ld@ @ (.}

Lemma 1.10. For all a,b,ceR*, set z = a@(bAc)—b@(cAa)+a®{c, b}—b®{a,c}.
Then a3(z) = 0.

Proof. Observe first that if 4 € R*, g,¢' € GLy(R) are such that,

I(z 0) (1 0)
g4.9, N
0 1 0 2

pairwise commute, then,

10 1 AN o 1 A0 , @
c 9.4 | = =¢ 9.9 ) +=¢ .9.9' ),
0 4 9.9 2 0 2 g 2 0 2
A0 , 1
C ygs g = —C
0 1 2

Moreover, for all a,b,ccR™,

a 0 (b 0 ¢ 0
c , , =0. (4)
0 g \0 b1 0 ¢!
We have

(@@ (bAc)—bR(cha))

(6 GG )
(6 DG
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Let

ello (6 D6 ) D

then, using the relations above, we have

(0 DG R6 )
(6626 2

In the same way, we see that

\
)

w(a®@{c,b} — b {a,c})

GGG
006060

and by adding to z’, we get a3(z)=0. O
Note also that

awmeons (L))
ALICIE)

= u3(c ® (a A b)).

And finally set a4 = lp,(G,(r).@). Recall that

0 1 0 a 00
wil=] -1 0 0 and w'l0 b5 0|w=
0 0 1 0 0 1

o o)

b 0 0
0 a O
0 0 1
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Denote,
— -l P
=" = DIN a2 DR Gane) @19
—(w!
o3 =(w l)l(Aleg)®/\zu (A
We have,

o N x4 — N\ (1 %)
(a1,b)) A (a2,b2) A (a3, b3) — (br,a1) A (b2, a2) A3, a3)

—{(a1,b))A(az,b2) A(a3, b3)

2 2
02:/\@ (4; x A3)® A3 —>/\@ (4] x 42)® A3

((a,b)N(c,d))® e ((ha)n(d,c))Re—((a,b)N(c,d))Be

521 (A x Ay ® I\ (43) = (1 x A8 N ()
(0,6)®(c Ad)— (b,a) R (c Ad) — (a,b)®(c Nd).

We now construct the maps ¢;. We have

A (Ar x Ay — 1 Hy(R* x GLy(R); @)

N

3(/41 X A1 @)

the second map is induced by A; x A, — R* x GL2(R),

(1)
(a,b)— | a, .
0 1

Explicitly we get,

@1((a1,b1) A (a2, b2) Aas, b3))

el O (2 (5 )
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and then,
pro@i((a,bi)A(az, ba) Alas, by)) = a1 Aay Aas,
pro@i((an b)) Aay, ba) A(as,b3)) = 3((a1 Aaz) @ by — (a3 Aay ) © b
+{(aANa3)®b) — (a1 Na3) @ b,
+(@aAa))@by —(as Nax)@by)
= Na)@by+ (e Nha3) @b
—(a1 hNa3)@ by,

by 0 by 0
P3OQDI((Gl,bI)/\(az7bz)/\(03,b3))=al®C(( ),( ))
0 1 0 1
(b, 0 by 0
—dyR¢ ,
\o 1/\0 1
+a3@c s
0 1 0 1

=a, ®(b2/\b3) —ay ®(b /\b})
+as @ (b1 Aby),
pao@i((ar, b)) A(az, ba) A(as,b3)) = a1(by Aby A by).

We have

Ab (A1 X A2) @ A ” Hy(R* x GLy(R); @)

TN @)

N

Hi(4) x A2 x 43, Q)

the arrow (1) is given by the shuffle product, besides (2) is induced by

Q)
(a,b,c)— | a, .
0 ¢

Explicitly,

o= DG )

We then have

pire@x((a,b)A(c,d))®@e)=0,
p2o (@, b)Y A (c,d))®e)=(aNc)®Re,
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d 0 1 0
p3op((a,b)N(c,d))@e)=a®c ;
0 1 0 e
1 0 b 0
+cR¢ i
0 e 0 1

=a®dAe)ta®{edt+c®@(eAb)+c®{be},
pacp2((a,b)A(c,d))®e)=o((bAd)Qe).

We have
(A XA2)®/\@ (43) Hz{R* x GLy(R), Q)
H3(A4; x 4; x 43;Q)
explicitly,

oemeicran=<((o (o )LL) (0 2)

And by combining with the projections, we get

pro@y((a,b)@(cnd))=0,
P20 93((a,b) ®(c Nd))=0,

10 10
pzoqoa((a,b)®(c/\d))=a®c<<0 c>’<o d))

=a®{(cAd),
pao@3((a,b)®(c Nd))=a3((a,h) R (c Ad)).
Let m=oy oy Doz ®id, and x=((a1,b1) A (a2, b2) A(az, b3),((c1,d1) A{ca,d2)) @ c3,
(e, fi)Q(e2 Ae3),z) € H3(R* x R* x R*; Q)
(W™ = D)(x) = ((b1,a1) A (b2, @) A (b3, a3) — (a1, 1) A(az, by) A (a3, bs),
((d1,c)N(dr,c2)) @3 — ((c1,d1) A(ez,da)) ® ¢,
(f1,e1)®(e2Nes3) — (e1, f1) ®(e2 Ne3),0).
Denote (w™! — 1)(x) by X, then a routine (if somewhat tedious) calculation shows

that n(cor(X))=0. In other words, Ker (n) D Im(d3"1) and 7 is a split surjection, thus
Im(dg’l)ﬂlm(H3(GLz(R); Q)) =0, and this ends the proof of Proposition 1.8. [J
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[e, +e,+e,]
[e, + &,]
[e; + ]

[e;]

)

[e] ] [ez] [el + e2]

[e; + e;]

[e;]
[e,]

les]

[e, + xe,]

\ AN

[e;]
[e,]

/

/ tes]
[e1]—_‘_’—> [e1+e7,]
\ le,]

Fig. 2.

1.3. Proof of ET, =E32, o- It is necessary to divide the proof in technical steps, the
global strategy is close to Sah [19], and is as follows: the first differential ending in
E3, is d3,. Proposition 1.20 shows that E§’2<§Z[%]:O and then d§’2‘§ Q=0 It

follows that E3 ® QxE, ® Q. The differential abutting 10 E  is d} ;. We prove
in (1.19(2)), that E}, ®Z[%] =0. Then E} ;@ Q=0, d} , %3 Q =0 and subsequently
3% 3% :
EZ,® Q= Ef, As the spectral sequence is of the first quadrant, the last differential
0% ,

involved in the computation of ESY is df ,. We show, once again, that E§ 4 =0, thus
Ej,=0 and then d ,=0. The crucial step in this last result is Proposition 1.13.

For the good understanding of the different n-cells (0 < n < 3), we give the dia-
gram shown in Fig. 2, in which each oriented path shows a “representative” n-cell
(0 <n<3), and « is an element of R* — {1}.

First, we need a description of the terms Ei,z, and E1’3, of the spectral sequence.
In the following, we will use implicitly (1.4), the “Eckmann-Shapiro lemma”, the
Proposition A.2, and the following theorem (see also [13, (2.2.2), p. 40]):
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Theorem 1.11. Let R be an S(oo)-ring, and G, be a subgroup of GL,(R) and G, be
a subgroup of GLy(R), assume that G\ or G, contains the group of scalar matrices.
Let M be a submodule of M), ,(R) such that G\M =M = MG,, then the imbedding

G 0 G M
[N
0 G 0 &
induces an isomorphism in homology with coefficients in Z.

Remark 1.12. For the proof of (1.11), as R is S(o¢), we use Proposition 1.10 of [17,
p. 125], and next we rewrite, word for word, the proof of Theorem 1.9 of [22, p. 211].

1.3.1. Computation of E,,. We have

2

C=EP7(G 5,

i=0

where
52,0 = ([e1]. [e2]. [es]),
$2,1 = ([e1).[e2]. [er + ea]),
522 = ([e1]. [e2). [e1 ],

BZ,i = Slab(;(SZ’,‘).

Then

R* 0 0

Boo=| 0 R 0 |,
0 0 R*
A 0 =

32,1: 0 1 = EG,;L,MQRX s
0 0 u
R* 0 x

32,2: 0 R>< *

0 0 R®
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Thus,

2
=P ind;°7,

i=0
2
Ep> 2P H, (B 7)
i=0
2 HLU(R* X R* X R*;Z)2,0 ®H,(R* x R*;Z)2,1 ®Hp(R* X R* X R*;Z)3.5,

where the indexes indicate of what type of cells the group homology come from. The
computation of the differential is as follows:

dx(s2.0) = ([e2) [es]) — ([er] [es]) + ([er] [ea]) = (170 — 157 + 1).s1.0,

with
0 0 1 010
g'=f1 0 0f @ '=]0 01
010 100
10 0 1 0 0
20=(0 0 -1, @& '=[0 0 1
01 0 0 -1 0

Then, for zo € Hy(R* x R* x R*;Z)3,, we have,

B _ _
d) y(z0) = cory o (1) = (13" + D)zp.

Let
dy(s2.1)=([e2).[e1 + &2)) — ([e1].[er + e2]) + ([er], [e2]) =z} — 73" + 1).510,
with
0 1 0 1 -1 0
2=l -1 10|, &H'=|1 0 o0
0 0 1 0 0 1
110 1 -1 0
g'=lo 1 0f, @H'=l0o 1 o0
0 0 1 0 0 1
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If zy EH,(R* X R*;Z),,; then,
1 By, 2,1\ ~1 2,1\~1
%,2(Z|)=COIB;?O((TI )T = () + Dz
As 1!, 72" act trivially on H,(R* x R*;Z),,,, we see that dpl,2(21)=Z|. Next,

dr(s22) = ([e2], [er]) + ([er), [e2]) = (177 + 1) 510,

with
0 -1 0 0 10
di=(1 0 o|=w, (@H'=[-100
0 0 1 0 01

If z; e Hp(R* x R* X R*;Z),, then,
({,iz(zz):corgi:g ) ((r%’z)“l + 1)z,.
And this gives a complete description of dl’z.

1.3.2. Computation of Epl 3- See Fig. 2 for the representatives of the 3-cells. We have,

1
C3:®Z[G.S3,i]@( @ Z1G .53 15]
i=0

2ER* —{1}
with

53,0 = ([e1], [e2], [e3], [e1 + &2 + e3]),
s3,1 = ([e1], [e2]. [es], [er + e2]),

53,2 = ([e1].[e2], [e3], [e2 + e3]),

53,3 =([le1],[e2], [es], [e1 + e3]),

53,4 = ([e1], [e2], [e3]. [e1]),

53,5 =([e1], [e2], [e3], [e2]),

s3,6 = ([e1], [e2], [e1 + e2], [e3]),

53,7 = ([e1],[e2],[e1 *+ e2],[e1])s
53,8 = ([e1], [e2],[e1 + e2]. [e2]),

539 = ([e1], [e2], [e1], [e3]),
53,10 = ([e1], [ez], [e1], [e1 + e2]),

s31 = ([e1],[e2], [e1]; [e2])s

s3.12 = ([e1], [ea], [e1 + e2], [e1 + aea]).
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Denote by Bj; the stabilizer of 53; in G, 0 <i < 11, and by B3 ;, those of 57 ,. We
then have,

A 0 0
Bio=R*I5, Bs1=4|0 1 0|€G, AucR*y =8B,
0 0 ¢
u 0 A 00
B3, = 0 2 O)EG, AUER Y, B3z= 0 4 0{€ed, r,ucR”
0 0 4 0 0 2
Bs4=Bys=Bso = R* x R* x R,
20 x
B37= 0 4 * [€G, AueR* )=B3g=B310=583,

Hence,

Ey 3 =Hp(R*; Z)30 @ Hp(R* X R*;Z )3
SH (R xR Z)3 2 ®H(R* x R*; Z)35
BHH(R* x R* X R*;Z)3 4 ®H,(R™ X R* X R*;Z)3 5
SHH(R* x R*;Z)36DH,(R* X R™;Z)3 5
EBHP(R>< XRX;Z)lgEBHp(RX XR* X R*;Z)3.9
SHH(R xR Z)3,10BHY(R* x R X R™; Z)3.1

& P HR xRSZ).(a)
2ER*—{1} 312

For the differentials, we get the following,
dx(53.0)=(1}° — 5" + 137 — 1).s20,

as R* is central in G, the action is trivial, and if zp € H(R*;Z)3,0, we deduce that
d;3(20)=0.
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Let d3(s3,1):(1’?" - r;" — 1).520 + 52,1, with
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0 0 1 -1 10

=11 0 1], (H =] 06 o0 1],
01 0 1 00
10 1 1 -1 0

'=(0 0o 1], (rg‘)“‘:(o 0 -1
0 -1 0 \o 1 0

If zy € H(R* X R*;Z)31, then
#,3(21):corg§:? o((r?‘l y“ - (r;‘l)_1 - 1)z @corgiz:zl.

We have

3,2 3,2 3.2
d3(S3’2):(—‘L'1 + 157 — 1).S2,0 + 7377801,

where
1 0 0 10 0
gi=(0 0 1|, @&@H'=l0o 1 —1{,
0 -1 1 01 0
100 10 0
oi=10 1 1|, @H'=|l0o 1 -1
0 0 1 00 1
0 0 I 01 0
w?=(1 0 0], () '=10 0 1
010 1 0 0

If zz € H,(R* X R*; Z)3 5, then

Bao

3,2y~ 3,2, B, 3,241
dp"3(zz):cor5§j20(~(tl ) 1+(r2 y - I)ZZEBcorB;;o(r3 )" z,.

As ‘c%‘z and r;’z acts trivially on H,(R* x R*; Z); 5, we deduce dpl)3(zz) = corﬁi:i(—zz) &)

By

3,2v—1 /.33 3,3 3.3
corp, | o(137) 'z2. We have d3(s33)= (17" + 137" — 1).53,0 — 73'752,1, where

=10 0f, @H'=|-10 1]
01 1 1 00
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1 0 1 1 0 -1
o2¥=10 1 0|, (&7 01 o0 [,
0 0 1 00 1
10 0 1 0 0
=10 0 —1 |, (&°) 0 0 1
01 0 0 -1 0

If z3 € Hy(R* x R*;Z)3,3, then
dp"3(23)—cor3” o((pH) ™ + (13’3)‘l — 1)z, @corgiil o(—(r§’3)_l)23.
Let
dy(s3.4) = (1) — Dosoo + (—53* + 1).s22,
where 13 4= rfo, T; 4= =15 20 If 24 € Hp(R™ x R* x R*;Z)3 4, then
d) 3(z4) =cory o (174 = Dzg@cory o (—(17) 7! + 1)z,
Let
da(s35)=(—17° = 1).s20 + 137522,
where 7;° =15°, ©3° =t If zs € H,(RX X RX x R*;Z)s 5, then

i B, 3,5\—1 B, 3,5\—1
d, 3(zs) =corg’) o (—(177) " — 1)zs Dceory,, o(137) 7 'zs.

Let d3(S3,6):(rf‘6 — 13’6 + 1).50 — §3,2, where r?6~r%1, rgé—rgl. If zg€
H,(R* X R*;Z)34, then
1 Ba, 3,6y—1 3,64—1 Ba,
d, 3(z6) =corg o ((1;°)7 —(13°)" + 1)z6 @ corp, (—26).

As r';"(’ and rg’(’ act trivially on H,(R* X R*;Z)3 6, we deduce that
%3(26)—00&; (Ze)éBCOTB 2(—26)

We have
di(s37)= (17" = Dosp1 + (-7 + D.saa,

where 13 7 —rf L rg 7 —rz . If z7 €Hp(R* X R*; Z)5 7, then
d)3(z)=corg" o (7)™ = zy Beorg? o (—(13 7)™ + 1)z,

Let

3,8 3,8
di(s38)=(—17" — 1}.82,1 + 15 752,2,
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where
-1 1 0
r?’sz 0 1 0 :(7:?’8)_1, 13’8:1’%’1
0 0 -1
If zg € H,(R* x R*; Z)3 3, then
@,"3(23):c0r§§:; o(—(ﬁ‘g)'1 — 1)zs@corgij o(t%‘s)_lzf;.

We have
d3(s39) =(w + 1).520 — 82,2
If zg e Hy(R* X R* X R*; Z)3 9, then

B - Bys
dpl’3(29):cor3j:‘; o(w™ !+ 1)z @corBi;(—a;).

Let
dy(s3.10) =W ™ 4+ 1).520 — 522,
where
01 0
w=]110 0
0 0 -1

If zyp € HP(RX X RX;Z)3,10, then
c¢’3(zlo):cor§§:‘]’o o (W' + 1)z @corg?fo(—zlo).
We have
da(s31)=(w" = 1).s2,
and if z;; € H,(R* X R* x R*;Z)3 11, then
64,1,3(211)2001???71 o{w-—1azp.
d3(S§,|2) Z(‘ET —_ ‘E; + ‘E§ — 1).S2’],

where 1} are matrices of the form

g O
(0 ) (with g € GLy(R), A€R™).
A

. Rxlp_ *
3,12 — 0 RX >

As
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the action of (t¥)~" is trivial, then d},(z},) =0, for all z{, € H,(R* x R*; Z).(x). And
this gives a complete description of d ;.
Now, we can prove the first step,

1.3.3. 4-acyclicity of E(i g for 1 < g < 4. Recall that we denote the class of v R""!
in P"(R) by [v]. The following result is the analogue of [19, pp. 293-295], with more
explicit description and different methods

Proposition 1.13. If R is H1, then C.(2) ® Z ~ E| , is 4-acyclic.
7G .

Proof. Consider the following exact sequence of complexes of ZG-modules 0 —
CE"(n) -5 Co(n) = Qu(n) — 0, where Q,(n)=Cy(n)/C¥"(n). For showing that
C.(2) ® Z is 4-acyclic, it is sufficient to prove that

7G

(1) The sequence 0 — CE*(2)® Z — C.(2) @ Z — 0.{(2) ® Z— 0 is exact.
zG G 7G
(2) 0.(2)  Z is 4-acyelic.
G
(3) The map induced in homology by C5"'(2)® Z — C,(2) ® Z is 0 in degree
76 7G

lower than 4.
Indeed, applying the homology long exact sequence to (1), we get

- — H; (Cfe"(Z) ® Z) — H; (C*(Z) @ Z) — H; (Q*(Z) ® Z)
72G G zG
—H <C§°"(2)®Z) -
G
as, by (2), H(Q.(2) © Z)=0/if i < 4 and, by (3), Im(H(CE"(2) ® Z) = Hi(C.(2) &
7G 7G 7G

Z))=0 if i < 4, we deduce that H,(C.(2) ® Z)=0 for i < 4. Next, we prove these
26
three results, under the hypothesis of the proposition (cf. [19, (3.4), p. 293]):

Lemma 1.14. The sequence
0— H(G; C¥(n)) — HAG; Ci(n)) — Hi(G; 0s(n)) — 0

is exact, for i > 0, n > 1.

Proof. For all i > 0, Ci(n) = C*" @& Q;(n). As this decomposition is compatible with
the action of G, we get an exact sequence of ZG-modules

0— C¥'(n) = Cu(n) = Qu(n) — 0

split as a sequence of ZG-modules (the splitting is not compatible with the differen-
tials). Then we deduce the desired exact sequences. [J

Lemma 1.15. Q.(2) Z@% Z is 4-acyclic.
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Proof. Let Eb&", E'| E'.€ be the spectral sequences associated to the (acyclic) com-
plexes of ZG-modules, C¥",C,,Q., converging res ectively to H(G;2),H.(G;7Z),
O(=H.(G;0)). As 01(2)=0u(2) =0, we deduc, E'@ =0 with ¢ < 1,

Next, we shall prove that E()t =0,0<t<4 By constructlon E°° =0 for all s,¢.

No (nontrivial) differentials come from E0,3. Thus, E 0 '3 —E(()’%Q 0. Next we show
that EfZQ =0, and as a consequence we will get E(2)4Q _E°° =0. But

P = (R x R )21 @ (R* x R x R )2,
dy$((c,a,b)s5) = (a,b,c)a 2,
dy$((h,a,a)2) = (a,b)y,
hence Efg =0, and this proves the lemma. [

Lemma 1.16. The map induced in homology by C§CD(2)§>;Z—4C*(2) ®Zis 0 in
G

degree lower than 4.

Proof. We must show that, if z is a cycle in C5*(2) ® Z then its image in C4(2) z® Z
76 G
is a boundary. Note that C5*"(2) %}} Z = Z. Then a cycle of C5™(2) 2@ Z is a sum of
G

cycles of the form ¢ — ¢’ where ¢, ¢’ are generic 4-cells. It suffices to prove that cycles
of the type ¢ — ¢’ are boundaries in C4(2) % Z.

Observe that if x, y € R*, then

1 1
ds| | [eil.[e2], | | x | [.[esl.[e1 +e2], [ | x ®1
y 0

= ([e1],[e2], [e1 + e2 + €3], [e3],[e1 + e2]) ® 1
1
- [el]S[eZ] X ,[93],[61 +e2] ®1a

y
because if
0 xV0 1 0 —y!
g=| -1 1+x7" 0 and ¢=]0 1 —xy!
0 0 1 00 y!

1 1
g ([el],[ez], (x },[61 + ez], (x) )
y 0
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-
([ )
e ]

and then, if x, y,x’, y' € R*

1
([6’1],[62] |i(x ) :|,[€3],[€] + 62]) ® 1
y
1
- ([‘?IL fe2] [(X' )jl,[t’s], fes +82]) @1
yl

is a boundary in C4(2) g% Z. In the same way,

()
(oo )

(s )

RS-

and if x, y,x’, ' € R*, then

1 1\
ds (([33], [(X' )},[6’1 ).[e2]. [er + e2], ]'(x’\ ®1
¥ [\o/]
1 T\ ]
- ([63], |:(x):|s[el]’[62]’[el + e2], {(x ) ® 1)
y \0/]

49
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1
= ([63], {(x)},[el],[ez], [er + ez]) @1
y
1
- ([63]’ [(xi)}’[el]s le2], [e +€2]) @ 1.
y

Let c¢,c’ be generic 4-cells. We can assume that,
g

c=([ei},[e2],v,[e3).[e1 + 2 +es]) @ 1
' =([e1],{e2]. V. [es],[e1 +e2 + &3]} ® 1

with

(6] =16

By genericity, o, 8,1 — 2,1 — B, — f € R* (the same for &’ and $’). Then
ds(([e1],[e2), v, [e3]. [er + 2 + €3], [e) + €2]) © 1)
= ([e2].vs[es],[e1 + &2 tes].[er +e2]) ® 1
—([e1],v,[e3).[e1 + &2+ e3),[er +2]) @ L
+([er], [e2]. [e3], [e1 + €2 +e3].[er + e2]) ® 1
—([e1].[e2], vs[er + €2 + 3l [er +e2]) @ 1
+([e1].[e2], v, [e3), [er + €2]) ® 1
_e,
but as

gi(le2], v,[e3],[e1 +ex +e3],[e1 +e2])

1
= ([63], [ ( ﬁ )}a [el], [62]5 [el + 62])
I—a
-8

g2([e1], v, [es],[er +e2 +e3],[er + e2])

1
= ([63], [( ?___11 )}7[61],[62],[61 + ez])
=

gi([e1), [e2), v, [e1 + e2 + eal, [er + e2])

1
= ([61], [e2] {( T_:f ) }’ les) [e1 + 62])
-3
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with
-1 0 1 0 -1 1 1 0 -1
gi=1] -1 0 0], g=10 -1 0], g=10 1 —=1],
-1 10 1 -1 0 0 0 -1

we see that ¢ — ¢’ is a boundary. [
And this finishes the proof of (1.13). [
As an immediate corollary, we get
Corollary 1.17. Eg5=E}, =0 for i < 4.

1.3.4. Computations of E12 , and El2 3. Before we go further, we need some more tools.
As in [19, p. 295], we can filter C,(2) in a natural way, by the subcomplex spanned
by cells of projective rank lower than one. Therefore, we can use the subcomplex
spanned by cells of the type (v,v/,v,v/,...), v,v' € P}(R), modulo the action of G,
this corresponds to ([e;], [e2],[e1],[e2],--.). All these complexes are endowed with the
action of G, and induce filtrations on E,.

Set £, =@E}, with s > 0. WE! | is the filtration induced by cells of rank lower
than one, and denote the quotient of PE!, by (VE!, by Z/VE] . We then have,

Proposition 1.18. For t > 3 and s > 1, the following sequences

0— E2, — H(PVE! Y- H,_1(VE} ) —0 (5)
0— El, — Ho(WVE! ) — H(VE} ) — EX -0 (6)
are exact.

Proof. By construction, there exists an exact sequence of complexes
0—(ME!, - @E! L CDE g
the homology long exact sequence gives
o H(VE] ) — B — H(PVE )~ H(VE ) — -

But if (vg,...,v,) is a cell of rank 1 in C,, modulo the action of G we can assume
that it is of the type ([ei],[e2],v},...,v,_,) with n>1 and v, are elements of the plane
spanned by e; and e;. Thus, if n>2,

dne1(([es) [er]. [e2], vh,- ., ) = ([ei L. [e2]. vy, ) + S

where § is a sum of cells of rank > 1. But the connecting morphism H,(‘¥VE! ) —
H(\VE!,) is induced by the differential &, at the level E' and by the projection
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on the part of rank one. Hence, if + — 1 >2, the connecting morphism is surjec-
tive and we deduce the exact sequence (5). As (VE!, = @E! for i=0,1, we have
Hi(WVEL y=0=Hy(*VE!,). And the end of the long homology exact sequence is
just (6). Moreover Hy(‘"VE} )= EZ;. O

We can now state the following result,

Proposition 1.19.
€8] Eiz =0.
(2) Ef;©2[5]1=0.

Proof. We show each step.
(1) We apply the exact sequence (6) with s = 1. We have #/VE] , =0, and VE] , =
(R* X R* x R* )30 = Ker(d| ,). We then have
di3((@ b, 132) = (@, 1L 1),
di 3((b,c)s,6) = (b,b,0),

hence Jll’3((a_1b,1)3,z + (b,ch6)=(a,b,c) for all a,b,ceR*. Thus Im(d| ;)=
Ker (d} ,), consequently Ho(*¥VE] [)=0, and finally £}, =0.
(2) We use (5) with t=3 and s=1. Show first that A(\VE] )@ Z[1]=0. The
17

computations gives
WE] = (RX x R )21 @ (R x RX x R )2,
J11,2((a1,b1)2,l @ (a2,b2,¢2)02.2) = (a1braz, a1bhra2,b1¢3)1 0,
Ker (d-11,2) ={(a b7, ¢ )21 @ (a,b,¢)22, a,b,cER*}.
We then have
d} 5((a,b)38) = (a6 0 + (@, a.b)a,
dl s((a,b)30) = (@ sa” b7
hence,
(a*,b%) = 0mod Im(d] 5),
di5((b7'a e 00 + (b,a, 1)s01) = (ab,ab,c* Yo 2 + (ab™' ba™ ! 1)
= (az,bz,cz)z,z.
This proves that (Ker (d} ,))* =Im(d| ;). Show next that H3((2/1)E},.)§> Z[3]1=0. The

main idea is the following:
Suppose that we have abelian groups 4,8, C with

N
4LB4c  gof=0 and B=(DB.

i=1
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Suppose there exists a fixed j€{1,...,N}, such that for all x € Ker (g), there exists
y€B; and n> 1, such that nx = ymod Im(f). Then it suffices to show that g(y)=0
implies n’y =0 for a particular n” > 1. Begin the proof by the computation of some
differentials that we need to get relations in H3(/VE],). Consider the following se-
quence:

d! d!
2l sl 43 @)t
(2 )El,4 ’(/)EIJ_’(/)EI,Z
we can seec that

Ker (d| 3) C(R* )30 ® (R* X R* )31 B (R* X R* )3, ® (R* x R* )33
HR* X R* X R 34 B (R* X R* x R* )35
BR* X R )36 ® (RX x R x R )s.0.

As the action of R is trivial in homology, 511’4 =id on the 2-generic component, thus
we can ignore (R* )34 . Set B:Irn(dll’4 ). Explicit calculations show that

(a,a,a)34 = Omod B, 7N
(b,a)s6 @ (a™' b7 b7 )34 @ (a,b)32 = 0mod B, (8)
(bay2® (@ ,b7%,a )4 @ (a,b)33 = Omod B, 9
(@,b)3) D(a™ b7 )23 D (a,b,a)34® (@ ,a= ', b7 )35 = O0mod B, (10)
(a,b)3) ®(a,b)3.6 = 0mod B, (1)
(@, b*)33 ® (b,a,a) s = 0mod B, (12)
(@', b7 b7 Y35 @ (a?,b? )3, = 0mod B, (13)
(a,b,¢)34 ® (b,c,a)35 D (a,b,c)30 = 0mod B, (14)
(b,a)s» ® (a,b);3 = 0mod B, (15)
(@, e ® (@ ,a b )30 = Omod B, (16)
(x,x"',1)3.0 = Omod B, (17)
(1,x,x7 )35 = Omod B. (18)

From (11) and (16) we deduce

(a%,b%)31 @ (a,a,b)3.0 = Omod B. (19)
Putting (15) in (9), and adding the square of (7), we get

(1,x%,1)34 = Omod B. (20)
By (14), we have

(@00 4= (072 b7%a )35 ® (a3 b72,b72)3.9mod B.
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But with (8), we have
(@07, b )34 = (b*,a% )36 B (a°,b7)32, mod B
=(b,b,a)s,9 ® (a,b,b); smod B by (13) and (16).
If we substract these two last relations, we get
(b*a,b’,a’b)s s ® (b, b*,ab’)3 9 = Omod B,
and by using (18) with (17)
(1,d°b*,ab?)3,0 ® (b*a, b*a?, 1)3.5 = Omod B,
thus
(1,x%,x)9 = (x~',x7%,1)3 s mod B. (21)
Squaring (10) with @ =1 and using (20), we get
(L6)31 ® (1,67%)33 @ (1,1,67%)3,5 = Omod B,
thus with (12) and (19),
(1,1, Y30 ®((b,1,1)35 4+ (1,1,h7%)3.5) = Omod B;
hence
(1,1,b)3.9 = (b,1,h7%)3.smod B. (22)
And by combining the previous results, we get
(@, b c)o=(1,a°h* c3omod B by (17)
=(1,a*h*,ab)r o+ (1,1,a~'b"'c)3 9 mod B
=(ca b a7 b7, a*b ¢ ?);smod B by (21) and (22).

Call a component (3,i) an element of the type (a,b,c)3;, i=4,5,9, or of the type
(a,b)3:, i=1,2,3,6.

The previous result shows that, if x is a component (3,9) then x* is homologous
to a component (3,5). As by (14), a component (3,4) is homologous to a sum of
components (3,5) and (3,9), we deduce that if x is a component (3,4), x is ho-
mologous to a component (3,5). If x is a component (3,1) or (3,6) then by (16) or
(19), x* is homologous to a component (3,9), and then x* is homologous to a com-
ponent (3,5). Finally, if x is a component (3,2) or (3,3), by (12) or (13), we see
that x® is a component (3,5). Consequently, if z is a cycle of @VE] ;, z* is homol-
ogous to a component (3,5) which is necessarily a cycle. But if (a,b,c)y5 is a cy-
cle, d_11,3((a, b,c)s)=(a2,b e b~ e )=(1,1,1), thus a’=1 and b~' =c. Hence
(a,b,c)s s :(a,b,b-])g,s. But, by (18), (1,5,b7 )35 = 0mod B. And as (a, 1, l)i5 =0,
we conclude that z® =0mod B, and this finishes the proof. O



P. Elbaz-Vincent | Journal of Pure and Applied Algebra 132 (1998) 27-71 55

1.3.5. Computation of Ezz_ ;- The last information we need to prove our first main
result is the following,

Proposition 1.20. £2, %} Z[5]1=0.

Proof. By (6) with s=2, the term E3, is the kemnel of the connecting morphism

Hy(‘MVE] ) LN Hi(‘\VE},). Thus it is, in particular, a subgroup of Hy(¥VE] ). We
have the following sequence of morphism,

, d, ,
(2"1)E2],3 23 (Z/I)E*zlq2 0
and
, 2
2/1 1 ~ X
eVE;, :/\Z(Rx x R* x R™).

The generic components of ¥1E] ; are given by s3; i=1,...,6 and s39. 530 giving
no contribution. We have,

d)s((a,a,b) A (d,d b ;3)=—(a,a,b) A(d,d,})

dy s((a,b,b) A (', B, b )32) = — (a,b,b) A (d', b, 1)

dyy((a,b,a) A (d, b, a' y33) = (b,a,a) A(b,d,d)

d 3((a,b,c) A(d, b, Ysa) = (b,c,a) A (¥ c'd') — (a,b,e) A(d b, )

dy s((a.b,c) A (d b, )3 s)=—(a,c,b) A (d', ', b)) — (a,b,c) A(d b, )

&) 5((a,a,b) A (d,d,b 36) = (a,a,b) A (d',d, b))

d; 1((a,b,c) AN (@, b, )s9) = (bya,c) AN(B,d, ') + (a,b,c) A, b, ).

As @ME}, = AL (R® x R x R*), we can identify the group Hy(¥VEL, ) to

N (R* x R x RX)
N

2

where N is the subgroup of /\2Z (R* x R* x R*) spanned by the following elements:

(a,a,b) N (d',d',b) (23)
(a,b,b) A (a0, 1) (24)
(a,b,a) N (d', b ,d') (25)
(b,c,a) ANV, c',a) — (a,b,c) N (d',b,C) (26)
(a,b,c) N (@, b, ")+ (a,c,b) A(d,c',b) (27)

(b,a,c) AN (b,d ")+ (a,b,c) A (d,b,c) (28)
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where a,b,c,a’, b, ¢’ are elements of R*. We add (25), which is a consequence of (24)
and (26), because it is useful for the sequel. In the same way, H,('VE,,) is given by
the following complex:

d; d;
Dl %22 (et 2 (et
( )E272 22 )E2,1 R )E2,0»
as
(Dl ~ 2 x X X 2 X X
Eu:/\z(k x R* x R )z,z@/\z(k X R )
2
(DE} | = /\Z (R* x R* x R™),
we can write the differentials as follows:

dy((a,b,0) A(d b ¢ )an) = (boa,c) A (Y d 'Y+ (a,b,e) A(d, b )
d) ,((a,a,b) A, b 1) = (a,a,b) A (d,d, b))

Then, H,(‘VE},) is a subgroup of

Ny (R x R* x RX)
N>

where N, is spanned by the following elements:

(b,a,c) AN(b,d' Y+ (a,b,c) A (d b, ")
(a,a,b) A (d,d',b).
We note the important fact, that N, is a subgroup of N;. Then, we can see a relation in

Ny (R* x R x R*)
Ny

as a relation in H>(‘¥DE} ). We want to show now, that £, is killed by 3. We have
the following isomorphism:

2 2
¢: /\ZZ(RX xR x R)— N\ (R* x )& [((R* x R) o R ] & \_(R*)
(a,b,c) A (d' b, — (@, D) A (d b)Y B[(a.b)Dc —(d,b)®c]Bend.
Set N, =&(Ny). Now, we can write the relations (23)—(25) as:
(@, a)A(d,d)YD [(a,a)@b —(d,d)Db]&bAY =0mod N, (29)
(@,byA(d, YD [(a,byo b —(d,b'Y2b)@bAY =0modN, (30)

(a,b) A(d, b)) D [(a,b)®d — (d.b')Da]®ard =0modN,. (31)
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Applying (29) with a=d’ =1, we get, for all b,b’ €R* , bA b = 0mod N|. Then we
can forget /\2Z (R™). Applying (30) with b=5"=1, we get

(a,1)A(d',1)=0modN; for all a,a’ € R*. (32)
Next applying (31) with a=d' =1, we get

(1LB)A(1,6')=0modN, for all b,»' € R*. (33)
Then we deduce that the non trivial elements of /\2Z (R* x R*) are the (1,x) A (p, 1),
since by (28) (with ¢ =c¢’=1), we have (a,b) A (a’,b')=— (b,a) A (b,a')mod N,.
Moreover, by using (30) with a=5" =1, we get

(@, 1Y®b=(1,b)A(d',1)mod Ny, (34)

and as, by (29) with @’ =1, we get (a,1)®b' = — (1,a)® b mod N;. We see that every
element of Hy(‘¥'VE] ) is a sum of elements of the type (1,x) A (y,1).

Let z be an arbitrary element of E%’z. Then by our previous assertions, we can
assume that, modulo Ni, z = Sn(l,a) A (b, 1), n; €Z, a;,b; €R*.

Look at z= 3" mi(1,a:, 1)A(b;, 1, 1) in 7 (R* x R* x R*). The computation of d,
gives

x=d},((a,b,c) A(d,b,c))
=(b,c,a) A(b,c',d") = (a,c,b) A(d '\ b)) + (a,b,c) A (d, B, c).

As a special case, if a=c=5"=¢" =1, then

) =LA@ )& [(b1Y®d +(d,1)@0]
Moreover, using (31) with b=4"=1 and (32), we get the new relation

(a,Y®d =(d,1)®amod N, (35)
then we deduce that

&)= n((1,a) A (b, 1) ® (a1, 1) ® bi + (bi. 1) ® ay])
=0

and by (35), implies that
3 (Z i1, a;) A (bi,1)> = 0mod N,
in other words, 3z =0, and this ends the proof. O

Summarizing, we have
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1 2 1
Corollary 1.21. Ej %} L[g)=E3, %} VARSE

Proof. First, we notice that d5,=0 for all » > 1. By (1.20) we have d3 , %Z[l] =0,
then £3 © Z[11=E%, ® Z[3]. By (1.19(2)) we have d ® Z[3]=0, then E3, ® Z[}]=
Eioezw[g]. And finally by (1.17) d§,=0, hence E%%)Z[%]:Eg‘,O%Z[%]
E§,0§>Z[%]. O

Now, we can state the central result

Theorem 1.22. Let R be a commutative Hl-ring. Then the morphism H3(GLy(R); Q) —
H3(GL3(R); Q), induced by GLy(R)— GL3(R), g — ({ ?), is injective.

Proof. Denote by I, a ZG-resolution of Z, where, as previously, G = GL3(R). Recall
that Byg = Stabg([e1]), and identify GLp(R) with its image in GL3(R), via the sta-
bilization morphism. Then, GL2(R) < Byo < G, and we can see I, as a ZBgg (resp.
ZGLy(R)) -resolution of Z.

We have a commutative diagram,

Ln ® 72— LeZG ® Z)
2GLa(R) z6 ZGLy(R)

Lo l——— LG ® 1)
ZBoo ZBOO

the different maps are given by the stabilization morphism and the induction [7, Section
I1L.5, pp. 67-69]. This give us the commutativity of

(1)

(Z)T Tg

H3(GLy(R); @) Eioézg Q

where (1) is the arrow coming from the abutment, induced by the filtration of the
bicomplex I, ® C,, (2) is induced by the stabilization morphism, and (3) is the map
ZG

of (1.8).
Summarizing, the injectivity of (3) implies those of (2). O

We deduce from this:
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Corollary 1.23. If R is a commutative Hl-ring, then the morphism H;y(SLy(R); Q)
— H3(SL3(R); Q), induced by GLy(R) = GLy(R) at the LHS level, is injective, where
H3(SLP(R);@) is a useful notation for Bo(R™; Hy(SL,(R); Q)), with p=2,3.

Proof. It is an immediate corollary of (A.8). We have the following commutative
diagram:

H3(SLx(R); @)

H3(GLy(R); Q)

Hi(SL3(R); Q) H3(GL3(R); Q)
the horizontal arrows are injective by (A.8) and j is injective by (1.22). O

Remark 1.24. (1) In (1.8) we tensor by Q for simplicity, because in this case for an
abelian group A4, H,(4;Q) = /\*Q (4). But we expect that the results are also true if
we use Z[%] as coeflicient.

(2) Notice that the torsions that we found is different from those announced by Sah
in [19, (3.19), p. 303].

2. The relationship with the indecomposable K; of rings and the homology of SL;

By [13, Section 4, pp. 57-58], we have, for all n>0, a morphism constructed in
the following way:

Hurewicz stabilization obstruction

¢n Kn(R) ——— Ha(GL(R); Z) ——— Hy(GLy(R); Z) —— K}(R).

The “obstruction” morphism is given by the composition of ¢, [13, (3.3), p. 50,
(3.3.2) p. 51] and 7, [13, (3.3.6) p. 55]. Since R is HI, K{{(R) = K((R). The K-
theory product [18, (5.3.1), p. 280] gives the morphism:

U KM(R) - K (R), n>1.
Then, by [13, (4.1.1), p. 58], we know that

@n 0P KM(R) — Ka(R) — KM(R)

is the multiplication by (—1)"~!(n — 1)!. As in the case of fields, we define K3(R)f“-_b"d
as the quotient K3(R)g/KY(R)q.
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Remark 2.1. Rationally, the composition

projection

p:Ker(q)g)%@ S K(R)g — Ka(R)G,

where “can” is the canonical embedding, is an isomorphism. Thus we can identify
K3(R)8d and Ker (¢3)® Q, and also with Coker () ® Q.
z z

We now prove that

Theorem 2.2. Let R be a (commutative) Hl-ring. We have an isomorphism:
Ks(R)g' = Hy(SL2(R); @).
Before proving (2.2), we establish the analog for rings of [12, 5.15(ii), p. 123].

Lemma 2.3. If R is an Hl-ring, then

H3(SLy(R); Q)

M
MGLE:E) 20

Proof. By (4.8(1)) we have H3(SL3(R); Q) — H3(GL3(R); Q), moreover by Guin [13,
Théoréme 2, pp. 44—45] and by (1.22), we have an exact sequence

0 — H3(GLa(R); @) — H3(GL3(R); @) = K5(R)g — 0
where 7 is the “obstruction” morphism. As we have the isomorphisms:

H3(SL3(R); @) = H3(SL(R); Q)  (4.8(2))
SL(R) = E(R) [9, (1.1.11), p. 9]

Hy(EQR), @) = Ks(R)g  [19. 2.5 (a), p. 282;
3, (1.6a), p. 5, Section 1.9, p. 6]'

we deduce that the morphism #:H3(SL3(R); @)— K§(R)q, restriction of 7 to
H3(SL3(R); Q), is onto. Hence, we have the exact sequence

0 — Ker (#) — H3(SL3(R); @) — K§'(R)g — 0

but Ker (7) = H3(SLa(R); @) NH3(GLy(R); Q) (using (1.22)), and finally by (A.8(3))
and (1.23) we get Ker (7)) =H;3(SLy(R); @). O

Proof of Theorem 2.2. By (2.1), we have an exact sequence
0K (R)a B Ks(R)g ™ Ks(RYE' -0

U'See also [22, (5.1) and (5.2), p. 231].
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and by using the arguments of (2.3), we get the following commutative diagram:

0 ———— Hy(SL:(R): @) H3(SLy(R); @) —— K}(R)p —— 0

R

! g

canop” ! ‘L

0 Ki(R)E ————— Ki(R)q = KM(R)g 0

where ¢ is the inverse of the map K3(R)q, 3 H3(SL(R); @) = H3(SL3(R); @), can and
p are the maps defined in (2.1), and f is induced by the commutativity of the right
part of the diagram. We conclude by the “five lemma”. [J

Let
Ij",-”*"kl(,,(R)q‘-‘D =Im(H,(GL;(R); Q) — H,(GL(R); @))N Prim H,(GL(R); Q)

forn>0and 1 <;<n.

Corollary 2.4. We have

FPKa(R)g ® E/H Ku(R)g = Ku(R)g, for 1<n<3 and 1<j<n.

Here F* denotes the y-filtration of the K-theory [20, (1.5) p. 493]. Before the proof
of (2.4), we need the analog of a result of [20, Théoréme 2 p. 502]

Proposition 2.5. If R is an Hl-ring, then for i > 1

(1) KM(R) =t EfK,-(R) (modulo ) where ¥ is the Serre cluss of abelian groups
A, such that there exist an integer m (depending of A) which satisfies ma=0 if ac A
and if p is any prime number dividing m we then have p=2 or p<i.

(2) K"(R)g = griKi(R)g = KM(R)q, where K(R)q denotes the component of
weight i for the Adams operation ¥'.

(3) K3(R)Bd ~ K;z)(R)@, where K;z)(R)@ denotes the component of weight 2 for
the Adams operation ¥°.

Proof. (1) In fact we can extend the proof of Soulé [20, 3.3, pp. 506-507] word
for word, except? for the proof of Proposition 3 [20, p. 507] which is not quite
complete (see below). For the other parts of the proof we use the results of Guin
[13, Théoreme 1, pp. 33-34, Théoréme 2, pp. 44-45, (4.1.1), p. 58] and the fact
that BSL(R)* x BR* ~ BGL(R)*. For the convenience of the reader we recall the last
homotopy equivalence. We have [GL(R), GL(R)]=E(R), thus GL(R) is quasiperfect
[15, (1.1.6) p. 317]; moreover we have a structure of direct sum [15, (1.2.5) p. 320,
(1.3) p. 323]. As the ring is of stable rank one, SL(R)= E(R), and then the morphism

2D. Arlettaz pointed out this erratum to me.
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GL(R) — GL(R)®® = R* has a section s, which is a group morphism. Thus we deduce
the composition

SL(R) x R* %’ GL(R) x GL(R) % GL(R)

where can is the canonical embedding, and at the level of the “+”-construction, we
get

BSL(R)* x BR* — BGL(R)".

And now we can apply [21, (5.3) p. 232], to get the desired homotopy equivalence.
For the end of the proof we proceed as follow: denote by 4;: K;(R)— H;(SL(R); Z)
the Hurewicz morphism. As for i =1, the assertion (1) is trivial, we must show that
for i >2, Ker(4;) is in . We apply [3, (1.6)(a), p. 5]. Then Ker (4;) is killed by
R;_y (cf. [3, (1.3), p. 4] for the definition of the integers R;). Suppose that p divides
Ri_1, then by [3, (1.3), p. 4], we have p<(‘5')+1 and as i >2, we get p<i.

(2) It’s because Ef“K,'(R):O [20, Théoréme 1(ii), p. 494] and rationally the de-
compositions are the same.

(3) Consequence of [20, Corollaire 1, p. 498] and of (2).

Proof of Corollary 2.4. We just prove the case n=3,j=2. Denote by A the iso-
morphism between KY(R)q and F’K3(R)g (consequence of (2.5(2))). Recall that
we have an isomorphism g¢:H;3(SL3(R); @) —K3(R)g. Let pyj=hofog!, and set
N =XKer(p;). Then we have the following commutative diagram:

0 ——— Hy(SLy(R). Q) A (SLa(R): @) — = K¥(R)g —— ¢

4
0 N K3(R)g ———— F¥Ks(R)g ——— 0

where 1 is induced by the commutativity of the right part of the diagram. Thus
N =H;(SL(R); Q). By (1.23), ¥ K3(R)g = H3(GLy(R); @) NK3(R)q.
But H3(SLy(R); @) = Hy(GL2(R); @) NK;3(R)g, which finishes the proof. [J

3. Further comments

In 5, (7.6) p. 699], Borel and Yang proved that in the case of a number field £ (or
F = @), the morphism p; ,, : Hi(GL.(F); Q) — Hi(GL,11(F); Q), is always injective for
i>1and n>1. I don’t know if the result remains true if we replace F by an infinite
field [19, Problem 4.13, p. 307]. As there is a dictionary between K-theory and cyclic
homology (linear groups and Lie algebra, see [16] for instance), we can ask for the
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analog of (2.2) in the case of Lie algebra,” but this was already done by Cathelincau
in [8]. Moreover, in this paper he computes exactly the groups involved.
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Appendix

For the notations and definitions in this section (and this paper) see [7, Ch. III,
paragraphs 4-10].

A.l. Morphism induced in homology via “Eckmann—Shapiro lemma”

The context is as follows: let G| and G, be two groups, with a morphism g : G} — G,
and X; (resp. X;) be a G| (resp. G;)-set. Suppose there exist x; €X; and x; € X3,
such that X;=G;.x;, with i=1,2. Denote by H; the stabilizer of x; in G;. Then
we can characterize every map ¢ : Z[X,] — Z[X3], such that ¢(g.x)=p(g).@(x), with
g€ G,x €X), by its value on x|. Let ¢(x;)= ZQGEZ nggx2, ng€Z, where n, depends
of ¢ and E, denotes a set of representative for G/H,.

Thus the pair (¢, p) induces a map @:H.(Gy;Z[X1]) — H.(G2; Z[X3]), which de-
pends of p. But by “Eckmann-Shapiro lemma”* (see [7, (6.2) p. 73]), we can identify
this map to a map ¢ : H.(H\; Z) — H.(H;; Z). The problem is to give a description of
this map. We now give a generalisation of a result of Hutchinson [14, Lemma 3, p.
183]. First denote by A, the image of H; by p.

Proposition A.1. (1) Let E=H,\G/H,. Then ny depends only on the class of ¢ in E.
(2) If ny # 0 then [H, : Hy NgHg~ '] < .
(3) The map o is given by the formula

Sy - H, g Hiy ~1z
@(z)= Z Mg COT 2 o 1, T&S iy 1y p(2)
geE
where p is the map induced in homology by p.

31t is D. Guin who pointed out this question to me.
4 Historically the wellknown “Shapiro lemma” was proved by B. Eckmann.
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(4) If for every g€ E, such that n, # 0, H, < gH,g~' then

)= ngcor ), ; g7 p(z)

gEE,

Then we can get the generalisation to the non-transitive case,

Proposition A.2. Let I and J be subsets of N—{0}, X, ;, X ; G-sets with (i,j) €1 X J,
Xl,,-:G.xl,,-, Xz’j——‘G.xlj, X1,i EXL,*, X2, EXz,j. Denote by Hl’,' (resp. stj) the sta-
bilizer of x\; (resp. x,;) in G.

Let
E @ Z[X,i]— EB 21Xy,]
icl jes
Then
e @ H.(H.57)— @ H.(H,,;;Z)
i€l Jjes

is given by the formula

7 _ H j g 'Hiig -1
'ﬂ(z)—Zanﬂf Z Mg COT, "y gy, "S-t gni,, 9 PIZ)

il jeJ g€E; ;

where E; ; is a set of representatives of Hi ;\G/H,,j, the n, are determined by Y ;=
pr; oy ocan; (can and pr, may be with indices, denote the canonical mophisms asso-
ciated to direct sums and products of Z-modules).

Moreover, if for all g, with n,#0, we have Hy; <gH ;g~" for all (i,j)el xJ,
then:

- Hy; _
lp(z):Zannj ancorgf’wl',gg pr(z)

i€l jeJ gEE,
where E; is a set of representatives of G/H, ;. (Notice that ng depends of Y, i and j).
Proof. By (A.1), we know that if z; € H.(H) ;; Z), then
—1 -1
T 9" Hiig 9" Hug -1,
l//i,j— Z ngcorg—'Hl.,'gﬂHz,,resg_lﬂl.igﬂHZ,jg zie
gEE;

By [6, Section 11.12, paragraphe 6], if
z€ @ H,(H\;; Z),

iel
we have z=3}",, can,(pr(z)) and

J(z) =" can;(pr,(¥(2)),

jeJ
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where y=3",; e can; o pr; o o can; o pr;. Thus
TN H,, 9~ 'Hiig -1
l/l(z)_zzcanj Z ng corg_lHl.igﬂHz,jresg_'Hlv,vgﬁqul-g pI'l(Z)
iel jeJ gEE;,

We deduce the other formula in the same way. O

Remark A.3. We leave to the reader the generalisation to the case of groups G,
Ga,;, and morphisms p;; : Gy ; — Gy,;.

A.2. Decomposition “a la Kiinneth”
Recall, first, some useful lemmas

Lemma A4. Let | - H—G— Q— 1, an exact sequence of groups and M a Z2G-
module. We consider the usual action of Q on H.(H; M). Let Q' 4Q. Suppose that the
action of Q' on H(H; M) is trivial. Then, for all ne N, we have Hy(Q; H,(H; M )) =
Ho(Q/Q'; Ha(H; M)).

Lemma A.5. Let | =H -G 5 Q—1 be an exact sequence of groups and M a
ZG-module. Let K < Z(G) and set Q' =m(K). Then Q' acts trivially on H.(H;M).

Proposition A.6. Let G be a group, A <Z(G) and H< G. Let
o AxH—-G
(a,h) — a.h,

and suppose that Ker (@) and Coker (@) are torsion. Then, @ induces an isomorphism

H,(G; Q) = @ Ho (g;Hr(H;CD)> ®@H (4, Q) for n>0.

rt+s=n

Proof. As Ker (¢) and Coker (¢) are torsion, the LHS spectral sequences (with rational
coefficients) associated to the following exact sequences,

1 —-Ker(p)—AxH—-Im(p)—1
1 - Im(¢)— G — Coker (¢)—1

degenerate, and give the following isomorphisms,
Hy(4 x H; Q) = H,(Im(¢); Q)

Ho(Coker (¢); Hy(Im(¢); @)) = Hy(G; Q)
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for s > 0. Thanks to the following big diagram,

| (ANH)x H AXH = A= I
P 7] j
[ H G - 7 i

| ———————— Coker(¢p) ———— Coker(j) —— 1

we get that Coker (¢) =2 Coker (), thus
Hy(Coker (¢); Hy(Im(¢); Q)) = Ho(Coker (j); Hi(Im(¢); Q)),

but as A is central in G, 4/ANH is central in G/H, hence, by (A.4) and (A.5), we
have

Ho(Coker(j); Hy(Im(); @)) = Ho (% H,(Im(o); @) |

But as Hi(4 x H; @) = Hi(Im(¢); Q), we see that
G
Hy (E;HX(A x H; @)) ~ Hy (G, Q).

And since A4 is central in G, the action of G/H on the homology of 4 is trivial, and
finally we get the isomorphism claimed. [

As a useful example, we have
Corollary A.7. Let R be a commutative ring and p an integer with p>1. Let
¢p:SL(R) x R — GLp(R)
(9, 4)— A.g
Then ¢, induces an isomorphism

Ho(GLy(R); @) = P HA(SLy(R); Q) ® H(R*; Q) with n>0.

rt+s=n

We also have, in the case of commutative HI-rings, the analogue of [12, (5.14)
p. 122],
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Proposition A.8. For all n and p we have:

(1) The morphism H,(SL,(R); Q) — H,(GL,(R); Q), induced by SL,(R) — GL,(R),
is into.

(2) If R is H1 then for all g > p, the injection SL,(R) > SL(R) induces an isomor-
phism

H,(SLy(R); Q) = H,(SL(R); Q).
(3) If R is H1, then for all p> 1, we have

H,(SLy(R); @) N Im(H,(GL,—1(R); @) — H,(GLy(R): D))
= Im(H,(SLp-1(R): @) — Hy(SL,(R); @)).

Remark A.9. We can apply the proof of Gerdes, word for word, by using the stability
result of Guin [13]. Note that in (A.5(2)), the isomorphism is given through stability
and by the fact that the action of R* on the homology of SL(R) is trivial. This last
fact is a consequence of the existence of the morphism GL(R) — SL(R), g — ¢ &

det(g™").

A.2.1. Some effective topics in group homology

Let G be a group and A be an abelian subgroup of G. We have a morphism
corf :H.(4;Z) — Hi(G; Z) (cf. [7, Section II1. 8-9, p. 78-80]). As 4 is abelian, we get
a “shuffle” structure in homology who defined an injective map ¥ : A, (4) — H.(4; Z)
(split if 4 is finitely generated) (cf. [7, Section 6.4(i), p. 123]). We write once again
Y. /\"Z (4) —H,(4;7Z) and E:corfoﬁl’. If ay,...,a, are elements of A, we will denote
c@y,...,a,) =E(ay N---Nay) the image of a; A---Aa,, by Z, in H,(G; Z). Then the
properties of the exterior algebra give to us

Proposition A.10. For all integer n> 1, if ai,...,a,,a] are pairwise commuting ele-
ments of a group G. We have

(¢ (ala’],...,a,,) =c@i,...,a,) +¢ (a’l,...,a,,).

D lfoeC, ¢ (a,,(.), ... ,aﬂ(,,)) =¢(o)@y,...,a,, where (o) denotes the signature
of .

(3) ¢ () is multilinear alternate.

Proposition A.11. Let R be a commutative Hl-ring. We have a split short exact
sequence

det

0~ Ka(R)  Ha(GLa(R): 2) & N\ (R*) 0
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with

)= a 0 b 0
(3 )0 )

split by

a 0 c 0 , J
LI

and det split by

e=<((G D6

Proof. By [3, Theorem 1, p. 83] Hy(GL(R), Z) = K(R) @ /\2Z (Ki(R)). As R is stable
rank one, K;(R)=R* and K»(R) = Hy(E(R); Z) =Hy(SL(R); Z). For all p>2, we have
an exact sequence

det

0— Hy(SL,(R); Z) — Ha(GL,(R); Z) g, Ha(R*;Z)— 0. (A.1)

Indeed, applying LHS to 1— SL,(R)— GL,(R) & RX S 1, we get a spectral se-

quence
EZ, =H{(R*;H/(SLy(R); Z)) = Hyy(GLy(R); Z).

By ([9, (1.1.11) p. 9]), Hi(SL,(R); Z)=0 for all p>2. Thus E2, =0=EZ for all
s>0.
Moreover ESS = Ej  =Hy(R*;Z). We deduce an exact sequence

0— Eg5 — Ha(GLy(R), Z) — ES5 — 0,
because if F, denotes the filtration of the abutment,
FiHy(GL,(R); Z) = RyHa(GL,(R); Z),

since £79 =0 and Eg5 = FoH2(GLy(R); Z). But E22’, =0 and thus no differential perturb
E},, hence E§ =Ej ,, then we get the exact sequence (A.1). As R* acts trivially on
the homology of SL(R), at the infinite the sequence (A.l) becomes

det

0 — Ha(SL(R); Z) — Hy(GL(R); Z) — Hy(R*;Z) — 0
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and by combining the different isomorphisms, we get the commutative diagram,

— d
0 ——— Hy(SLy(R); Z) ——— Hy(GLyR), Z) ——— NG (RX) ——— 0

0 ————— Kz(R) —————— Hy(GL(R); Z) ——— AL (RX) ————0

but by [13, Théoréme 1, p. 33] j (induced by the stabilization morphism) is an iso-
morphism and by the “five lemma”, Ky(R) = Hy(SL2(R); Z). By the same arguments
as in Barge [4, Lemme 3.2, p. 14] we note that the image of the symbol {x,y} in
Hy(GLy(R); Z) 1s

(G

(this morphism factorises through H;(SL(R);Z)). The isomorphism from K,(R) &
/\ (R*) to Hy{GLy(R); Z) is induced by

(0 )G )

Remark A.12. In (A.11), we can give explicitely the inverse on the cycles

;o) 0)
GG

weh?(z )G 0)
(5 G0
(o 2) (o 1)

()62

(o))
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:caO cO\+ca0/d0

0 1/ \o 1)) 0 1) \0 1
a 0 7' o b 0\ /¢ 0)\
+ec ,
0 1 0 d ko )
bl 0 ¢ 0 1
+c 5 +c
0 & 0 1

as the conjugation acts trivially in homology [7, (8.1), p. 79], conjugating by

0 -1
w= >
1 0
gives
1 0 1 0 b 0 d 0
v s =C )
0 b 0 4 0 1 0 1
and then
a 0 c 0
c )
0 b 0 d

maps to ab A cd + ({c,b} + {d,a}). Note that this is sufficient because the morphism
Ha(R* x R*; Z)— Hy(GLy(R); Z) is onto (see (18, 4.3.6, p. 206] for a proof in the
case of infinite fields).
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